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CLASSIFICATION OF TRANSITIVE VERTEX ALGEBROIDS
DMYTRO CHEBOTAROV
Abstract. We present a classification of transitive vertex algebroids on a
smooth variety X carried out in the spirit of Bressler’s classification of Courant
algebroids. In particular, we compute the class of the stack of transitive vertex
algebroids. We define deformations of sheaves of twisted chiral differential
operators introduced in [AChM] and use the classification result to describe
and classify such deformations. As a particular case, we obtain a localization
of Wakimoto modules at non-critical level on flag manifolds.
1. Introduction
A vertex algebroid is the algebraic structure induced on a subspace V0 ⊕ V1 of
a vertex algebra V . The study of vertex algebroids started with [GMS1] where
the sheaves of chiral differential operators (CDO) were defined as the enveloping
algebras of exact vertex algebroids.
Algebras of chiral differential operators are sheaves of vertex algebras on smooth
varieties resembling the associative algebras of differential operators in some re-
spects. One striking difference from the classical prototype is that for some mani-
folds X no CDO exists; or if there is one, there may be more than one isomorphism
class of such sheaves. Speaking in technical language, sheaves of CDO form a stack,
whose groupoid of global sections may be empty or have more than one connected
component.
In [GMS1] the classification of chiral differential operators was obtained; in par-
ticular, it was established that a global sheaf of CDO exists on X if and only if
ch2(Ω
1
X) = 0 where ch2(Ω
1
X) is the second graded piece of Chern character of Ω
1
X .
This result was re-established by Bressler [Bre] in a rather unexpected fashion.
He noticed that the notion of a vertex algebroid is related to a well-known notion
in differential geometry, a Courant algebroid: the latter is a quasi-classical limit of
the former. He obtained a classification of Courant algebroids extending a fixed
Lie algebroid and rediscovered the aforementioned obstruction by connecting the
existence of a CDO on X with the existence of certain Courant extensions of the
Atiyah algebra of the sheaf of 1-forms.
In both these classification problems the obstruction to global existence is a
class in H2(X,Ω2 → Ω3,cl). This is due to a rather remarkable property of these
algebroids: one can ”twist” an algebroid A on U ⊂ X by a closed 3-form α. To
be more precise, let us denote by VExt
〈,〉
L (resp. CExt
〈,〉
L ) the stack of vertex !
(resp. Courant) algebroid extensions of a given Lie algebroid L
pi
→ TX with an
invariant pairing 〈, 〉 on kerπ (cf. section 2.4). Then the twisting by 3-form action
on VExt
〈,〉
L and CExt
〈,〉
L extends to an action of a certain stack associated to the
complex Ω2X → Ω
3,cl
X (cf. [D]) and it makes each of those a torsor over the latter.
By standard abstract nonsense, to every such stack S there corresponds a class
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cl(S) ∈ H2(X,Ω2 → Ω3,cl) which vanishes precisely when S has a global object.
For example, the obstruction ch2(Ω
1
X) above is exactly the class of the stack of
exact vertex algebroids on X .
In this article we classify transitive vertex algebroids. Since exact vertex al-
gebroids classified in [GMS1] are, in fact, a particular kind of transitive vertex
algebroids ( those whose associated Lie algebroid is the tangent sheaf), our classi-
fication generalizes that of [GMS1].
In particular, we compute the class of the stack VExt
〈,〉
L . Bressler computes the
corresponding class for Courant extensions of X [Bre] and proves that cl(CExt
〈,〉
L ) =
− 12p1(L, 〈, 〉) where p1(L, 〈, 〉) is the Pontryagin class associated with the pair (L, 〈, 〉),
a generalization of the familiar first Pontryagin class of a vector bundle, defined in
loc.cit..
Our main result is Theorem 1.1 below. To prove it we take up the techniques of
Baer arithmetic developed by Bressler for Courant algebroids and use the classifi-
cation of both CDO and Courant algebroids.
Theorem 1.1. The class of VExt
〈,〉
L in H
2(X,Ω2 → Ω3,cl) equals
cl(VExt
〈,〉
L ) = ch2(Ω
1
X)−
1
2
p1(L, 〈, 〉)
It is worthwhile to note that it is possible for a manifold X to have no global
CDO and Courant extensions of a given Lie algebroid L, but still have a vertex
extension of L.
We use the classification result above to study certain deformations of sheaves
of twisted chiral differential operators (TCDO) defined in [AChM]. A TCDO is
defined through a procedure that, starting with a CDO produces a sheaf which
has features of both the original CDO and and the Bernstein-Beilinson algebra of
twisted differential operators ([BB1]). These sheaves have proved useful in repre-
sentation theory of affine Lie algebras at the critical level. In particular, one has a
localization procedure for certain classes of gˆ-modules. [AChM].
More explicitly, a sheaf of TCDO on X is a sheaf of vertex algebras that locally
looks like Dch⊗HX where D
ch is a sheaf of CDO on X and HX is the algebra of
differential polynomials on the spaceH1(X,Ω1,cl) classifying the twisted differential
operators on X .
When X is a flag variety, X = G/B−, the algebra HG/B is isomorphic to C[h
∗]
where h is the Cartan subalgebra of g = LieG. Moreover, there is an embedding of
affine vertex algebra
V−h∨(g)→ Γ(G/B,D
ch,tw
G/B )
which makes the space of sections of the TCDO over big cell Γ(Ue,D
ch,tw
X ) ≃
Dch(Ue)⊗HG/B a g-module of the critical level, called the Wakimoto module
W0,−h∨ . [FF1]
The Wakimoto module W0,−h∨ is a member of the family
W0,k = D
ch(Ue)⊗HX,k+h∨
where HX,κ is the Heisenberg vertex algebra associated with the space h with a
bilinear form equal to κ times the normalized Killing form.
One might ask whether W0,k with non-critical k admits a localization similar to
that of W0,−h∨ . We show that such a sheaf indeed exists on any flag manifold and
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is, in fact, a deformation of the TCDO mentioned above: there is one such sheaf
for each choice of an invariant inner product 〈·, ·〉 on g. If X = P1, then we prove
that this sheaf is a sheaf of ŝl2-modules of level 〈·, ·〉+ 〈·, ·〉crit (cf. Corollary 4.8).
More generally, we define a deformation of TCDO on an arbitrary manifold X
to be the vertex enveloping algebra of certain transitive vertex algebroid on X .
We apply our main classification result (cf. Theorem 1.1 above) to classify the
deformations.
Acknowledgement. The author would like to thank Fyodor Malikov for immense
help and guidance throughout the work.
2. Preliminaries
We will recall the basic notions of vertex algebra following the exposition of
[AChM].
All vector spaces will be over C.
2.1. Definitions and examples. Let V be a vector space.
A field on V is a formal series
a(z) =
∑
n∈Z
a(n)z
−n−1 ∈ (EndV )[[z, z−1]]
such that for any v ∈ V one has a(n)v = 0 for sufficiently large n.
Let Fields(V ) denote the space of all fields on V .
A vertex algebra is a vector space V with the following data:
• a linear map Y : V → Fields(V ), V ∋ a 7→ a(z) =
∑
n∈Z a(n)z
−n−1
• a vector |0〉 ∈ V , called vacuum vector
• a linear operator ∂ : V → V , called translation operator
that satisfy the following axioms:
(1) (Translation Covariance)
(∂a)(z) = ∂za(z)
(2) (Vacuum)
|0〉(z) = id;
a(z)|0〉 ∈ V [z] and a(−1)|0〉 = a
(3) (Borcherds identity)∑
j≥0
(
m
j
)
(a(n+j)b)(m+k−j)(2.1)
=
∑
j≥0
(−1)j
(
n
j
)
{a(m+n−j)b(k+j) − (−1)
nb(n+k−j)a(m+j)}
A vertex algebra V is graded if V = ⊕n≥0Vn and for a ∈ Vi, b ∈ Vj we have
a(k)b ∈ Vi+j−k−1
for all k ∈ Z. (We put Vi = 0 for i < 0.)
All vertex algebras in this article will be graded.
We say that a vector v ∈ Vm has conformal weight m and write ∆v = m.
If v ∈ Vm we denote vk = v(k−m+1), this is the so-called conformal weight
notation for operators. One has
vkVm ⊂ Vm−k.
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A morphism of vertex algebras is a map f : V →W that preserves vacuum and
satisfies f(v(n)v
′) = f(v)(n)f(v
′).
A module over a vertex algebra V is a vector space M together with a map
(2.2) YM : V → Fields(M), a→ YM (a, z) =
∑
n∈Z
aM(n)z
−n−1,
that satisfy the following axioms:
(1) |0〉M (z) = idM
(2) (Borcherds identity)∑
j≥0
(
m
j
)
(a(n+j)b)
M
(m+k−j)(2.3)
=
∑
j≥0
(−1)j
(
n
j
)
{aM(m+n−j)b
M
(k+j) − (−1)
nbM(n+k−j)a
M
(m+j)}
A module M over a graded vertex algebra V is called graded if M = ⊕n≥0Mn
with vkMl ⊂Ml−k (assuming Mn = 0 for negative n).
A morphism of modules over a vertex algebra V is a map f : M → N that
satisfies f(vM(n)m) = v
N
(n)f(m) for v ∈ V , m ∈M . f is homogeneous if f(Mk) ⊂ Nk
for all k.
2.1.1. Commutative vertex algebras. A vertex algebra is said to be commutative if
a(n)b = 0 for a, b in V and n ≥ 0. The structure of a commutative vertex algebras
is equivalent to one of commutative associative algebra with a derivation.
If W is a vector space we denote by HW the algebra of differential polynomials
on W . As an associative algebra it is a polynomial algebra in variables xi, ∂xi,
∂(2)xi, . . . where {xi} is a basis of W
∗. A commutative vertex algebra structure
on HW is uniquely determined by attaching the field x(z) = e
z∂xi to x ∈W
∗.
HW is equipped with grading such that
(2.4) (HW )0 = C, (HW )1 =W
∗.
2.1.2. Beta–gamma system. Define the Heisenberg Lie algebra to be the algebra
with generators ain, b
i
n, 1 ≤ i ≤ N and K that satisfy [a
i
m, b
j
n] = δm,−nδi,jK,
[ain, a
j
m] = 0, [b
i
n, b
j
m] = 0.
Its Fock representation M is defined to be the module induced from the one-
dimensional representation C1 of its subalgebra spanned by a
i
n, n ≥ 0, b
i
m, m > 0
and K with K acting as identity and all the other generators acting as zero.
The beta-gamma system hasM as an underlying vector space, the vertex algebra
structure being determined by assigning the fields
ai(z) =
∑
ainz
−n−1, bi(z) =
∑
binz
−n
to ai−11 and b
i
01 resp., where 1 ∈ C1.
This vertex algebra is given a grading so that the degree of operators ain and b
i
n
is n. In particular,
(2.5) M0 = C[b
1
0, ..., b
N
0 ], M1 =
N⊕
j=1
(bj−1M0 ⊕ a
j
−1M0).
2.2. Vertex algebroids.
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2.2.1. Definition. Let V be a vertex algebra.
Define a 1-truncated vertex algebra to be a sextuple (V0 ⊕V1, |0〉, ∂, (−1), (0), (1))
where the operations (−1), (0), (1) satisfy all the axioms of a vertex algebra that
make sense upon restricting to the subspace V0 + V1. (The precise definition can
be found in [GMS1]). The category of 1-truncated vertex algebras will be denoted
Vert≤1.
The definition of vertex algebroid is a reformulation of that of a sheaf of 1-
truncated vertex algebras.
Let (X,OX) be a space with a sheaf of C-algebras.
A vertex OX-algebroid is a sheaf A of C-vector spaces equipped with C-linear
maps π : A → TX and ∂ : OX → A satisfying π ◦ ∂ = 0 and with operations
(−1) : OX ×A −→ A, (0) : A×A −→ A, (1) : A×A −→ OX satisfying axioms:
f (−1)(g(−1)v)− (fg)(−1)v = π(v)(f)(−1)∂(g) + π(v)(g)(−1)∂(f)(2.6)
x(0)(f (−1)y) = π(x)(f)(−1)y + f (−1)(x(0)y)(2.7)
x(0)y + y(0)x = ∂(x(1)y)(2.8)
π(f (−1)v) = fπ(v)(2.9)
(f (−1)x)(1)y = f(x(1)y)− π(x)(π(y)(f))(2.10)
π(v)(x(1)y) = (v(0)x)(1)y + x(1)(v(0)y)(2.11)
∂(fg) = f (−1)∂(g) + g(−1)∂(f)(2.12)
v(0)∂(f) = ∂(π(v)(f))(2.13)
v(1)∂(f) = π(v)(f)(2.14)
for v, x, y ∈ A, f, g ∈ OX . The map π is called the anchor of A.
If V =
⊕
n≥0 Vn is a (graded) sheaf of vertex algebras with V0 = OX , then
A = V1 is a vertex algebroid with ∂ equal to the translation operator and π sending
x ∈ V1 to the derivation f 7→ x(0)f .
2.2.2. Associated Lie algebroid. Recall that a Lie algebroid is a sheaf ofOX -modules
L equipped with a Lie algebra bracket [, ] and a morphism π : A → TX of Lie algebra
and OX -modules called anchor that satisfies [x, ay] = a[x, y] + π(x)(a)y, x, y ∈ A,
a ∈ OX .
If A is a vertex algebroid, then the operation (0) descends to that on LA =
A/OX (−1)∂OX and makes it into a Lie algebroid, with the anchor induced by that
of A. LA is called the associated Lie algebroid of A.
2.2.3. A vertex (resp., Lie) algebroid is transitive, if its anchor map π is surjective.
Being a derivation, see (2.12), ∂ : OX → A lifts to Ω
1
X → A. It follows from
(2.14) that if A is transitive, then Ω1X ≃ OX (−1)∂OX and A fits into an exact
sequence
0 −→ Ω1X −→ A −→ L −→ 0,
L = LA being an extension
0 −→ h(L) −→ L −→ TX −→ 0
where h(L) := ker(L
pi
−→ TX) is an OX -Lie algebra.
Note that the pairing (1) on A induces a symmetric LA-invariant OX -bilinear
pairing on g(LA) which will be denoted by 〈, 〉.
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We regard the pair (LA, 〈, 〉) as ”classical data” underlying the vertex algebroid
A.
2.2.4. Truncation and vertex enveloping algebra functors. There is an obvious trun-
cation functor
t : Vert→ Vert≤1
that assigns to every vertex algebra a 1-truncated vertex algebra. This functor
admits a left adjoint [GMS1]
u : Vert≤1 → Vert
called a vertex enveloping algebra functor.
These functors have evident sheaf versions. In particular, one has the functor
(2.15) U : VertAlg −→ ShVert
from the category of vertex algebroids to the category of sheaves of vertex algebras.
2.3. Courant algebroids. We give a definition of a Courant algebroid following
[Bre]; see also [LWX].
A Leibniz algebra over k is a k-vector space A with a bracket [, ] : A⊗k A → A
satisfying
[x, [y, z]] = [[x, y], z] + [y, [x, z]].
The bracket is not assumed to be skew-commutative.
A Courant OX-algebroid is an OX -module Q equipped with
(1) a structure of a Leibniz C-algebra [ , ] : Q⊗C Q → Q ,
(2) an OX -linear map of Leibniz algebras (the anchor map) π : Q → TX ,
(3) a symmetric OX -bilinear pairing 〈, 〉 : Q⊗OX Q→ OX ,
(4) a derivation ∂ : OX → Q
which satisfy
π ◦ ∂ = 0(2.16)
[q1, fq2] = f [q1, q2] + π(q1)(f)q2(2.17)
〈[q, q1], q2〉+ 〈q1, [q, q2]〉 = π(q)(〈q1, q2〉)(2.18)
[q, ∂(f)] = ∂(π(q)(f))(2.19)
〈q, ∂(f)〉 = π(q)(f)(2.20)
[q1, q2] + [q2, q1] = ∂(〈q1, q2〉)(2.21)
for f ∈ OX and q, q1, q2 ∈ Q.
A morphism of Courant OX -algebroids is an OX -linear map of Leibnitz algebras
which commutes with the respective anchor maps and derivations and preserves
the respective pairings.
A connection on a Courant algebroid Q is an OX -linear section ∇ of the anchor
map such that 〈∇(ξ),∇(η)〉 = 0.
If Q is a Courant algebroid, then LQ = Q/OX∂OX is a Lie algebroid; it is called
the associated Lie algebroid of Q. The pairing 〈, 〉 on Q induces a LQ-invariant
pairing on g(LQ) which will be denoted 〈, 〉.
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2.4. The category of vertex extensions. Let L be a transitive Lie algebroid. A
vertex extension of L is a vertex algebroid A with an isomorphism of Lie algebroids
φ : LA → L. In what follows we will always identify LA and L via φ.
A morphism of vertex extensions of L is a morphism of vertex algebroids f :
A → A′ which induces the identity map on L. Thus f fits into a diagram
0 −−−−→ Ω1X −−−−→ A −−−−→ L −−−−→ 0∥∥∥ yf ∥∥∥
0 −−−−→ Ω1X −−−−→ A
′ −−−−→ L −−−−→ 0
Vertex extensions of L on X form a category VExtL(X); clearly, it is a groupoid.
One can consider the category of vertex extensions of L|U on U for any open
subset U ⊂ X . These categories with the obvious restriction functors form a stack
on the Zariski topology of X , to be denoted VExtL
Let A be a vertex extension of L. Denote g˜A := ker(π : A → TX); it is an
extension
0 −−−−→ Ω1X −−−−→ g˜A −−−−→ g −−−−→ 0
It is easy to see that the operation (1) satisfies g˜A(1)Ω
1 = 0, and, therefore, induces
a (symmetric, OX -bilinear) pairing
〈, 〉 : g× g→ OX
If f : A → A′ is a morphism of extensions, f induces the identity map on g; it also
preserves (1). Therefore A and A
′ must have the same pairing 〈, 〉 on g. It follows
that the groupoid VExtL(X) is a disjoint union
VExtL(X) =
∐
〈,〉
VExt
〈,〉
L (X)
where VExt
〈,〉
L (X) is the full subcategory of vertex extensions of L whose induced
pairing on g is 〈, 〉. Such extensions will be called vertex extensions of (L, 〈, 〉).
Similarly, we define the notion of a Courant extension of L on X and that of a
morphism of Courant extensions, the categories CExt
〈,〉
L (U) and CExt
〈,〉
L (U), U ⊂ X .
2.5. Chiral differential operators. Vertex extensions of TX are called exact ver-
tex algebroids. Their vertex enveloping algebras, sheaves of chiral differential oper-
ators (CDO). were first introduced in [MSV] and classified in [GMS1]. Let us recall
the main classification result.
Let us call a smooth affine variety U = SpecA suitable for chiralization if Der(A)
is a free A-module admitting an abelian frame {τ1, ..., τn}. In this case there is a
CDO over U , which is uniquely determined by the condition that (τi)(1)(τj) =
(τi)(0)(τj) = 0. Denote this CDO by D
ch
U,τ .
Theorem 2.1. Let U = SpecA be suitable for chiralization with a fixed abelian
frame {τi} ⊂ DerA.
(i) For each closed 3-form α ∈ Ω3,clA there is a CDO over U that is uniquely
determined by the conditions
(τi)(1)τj = 0, (τi)(0)τj = ιτi ιτjα.
Denote this CDO by DU,τ (α).
(ii) Each CDO over U is isomorphic to DU,τ (α) for some α.
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(iii) DU,τ (α1) and DU,τ (α2) are isomorphic if and only if there is β ∈ Ω
2
A such
that dβ = α1 − α2. In this case the isomorphism is determined by the assignment
τi 7→ τi + ιτiβ.
If A = C[x1, ..., xn], one can choose ∂/∂xj, j = 1, ..., n, for an abelian frame
and check that the beta-gamma system M of sect. 2.1.2 is a unique up to isomor-
phism CDO over Cn. A passage from M to Theorem 2.1 is accomplished by the
identifications bj01 = xj , a
j
−11 = ∂/∂xj .
3. Classification of transitive vertex algebroids
In this section we present a classification of transitive vertex algebroids in the
spirit of [Bre].
First we recall the definition of a Gr(Ω
[2,3>
X )-gerbe given in [GMS1]; one of the
results of [Bre] is that VExt
〈,〉
L is a Gr(Ω
[2,3>
X )-gerbe.
In section 3.3 we describe the core tool of the classification method: the “addi-
tion” operation on various algebroids. It enables us to construct a vertex extension
starting from a Courant extension and an exact vertex algebroid. With this tool in
hands we are able to compute the class of the stack VExt
〈,〉
L (Theorem 3.14).
3.1. Gerbes and torsors.
3.1.1. Twisting by a 3-form. Let A = (A, (−1), (0), (1), ∂, π) be a vertex extension
of L on U ⊂ X and let α ∈ Ω3,cl(U). Define an operation (0)+α : A×A → A by
(3.1) x (0)+α y = x(0)y + ιpi(x)ιpi(y)α
Lemma 3.1. Let α ∈ Ω3,cl(U). Then:
(1) A∔ α := (A, (−1), (0)+α, (1), ∂, π) is a vertex extension of L on U .
(2) The assignment A 7→ A∔ α can be extended to an auto-equivalence
(3.2) ?∔ α : VExt
〈,〉
L → VExt
〈,〉
L
Proof. The proof of (1) is the same as in the case of cdo ([MSV, GMS1]) or
Courant algebroids ([Bre]). To see (2), note that every morphism f : A → A′ is
automatically a morphism A∔ α→ A′ ∔ α; this tautological action on morphisms
makes ?∔ α a functor; the composition (?∔ (−α)) ◦ (?∔ α) is the identity functor
of VExt
〈,〉
L . 
It is clear that the functors ? ∔ α, α ∈ Ω3,cl(U) define an action of the abelian
group Ω3,cl(U) on the category VExtL(U). Let us show that this action in fact
extends to an action of a category.
For an open subset U ⊂ X define a category Gr(Ω[2,3>)(U) as follows. The
objects of Gr(Ω[2,3>)(U) are elements a ∈ Ω3,cl(U); the morphisms
Hom(α, α′) =
{
β ∈ Ω2(U) : dβ = α′ − α
}
,
the composition being the addition in Ω2(U).
It is clear that Gr(Ω[2,3>)(U) is a groupoid. The groupoids Gr(Ω[2,3>)(U) form
a prestack Gr(Ω
[2,3>
X ); the addition of 3-forms gives it the structure of a Picard
prestack. See [D], section 1.4 for generalities on Picard stacks.
For f : A → A′ and β : α→ α′ define
(3.3) (f ∔ β)(x) = f(x) + ιpi(x)β
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Proposition 3.2. (1) f ∔ β is a morphism of vertex extensions
f ∔ β : A∔ α→ A′ ∔ α′
(2) The formulas (3.2) and (3.3) define a functor
∔ : VExtL(U)× Gr(Ω
[2,3>)(U) −→ VExtL(U)
which gives rise to an action of Gr(Ω[2,3>)(U) on VExtL(U)
The verification is, again, straightforward and repeats the analogous discussion
in [GMS1]. 
3.1.2. (Ω2 → Ω3,cl)-gerbes. We will say a stack S over X is a Gr(Ω
[2,3>
X )-gerbe if
there is an action ∔ : S×Gr(Ω
[2,3>
X )→ S and a cover U = {Ui}i∈I such that for any
i ∈ I and x ∈ S(Ui) the functor x∔? : Gr(Ω
[2,3>
X )(U) → S(U) is an equivalence.
(In other words, S is a torsor over the associated stack).
Theorem 3.3. [Bre] The stacks VExt
〈,〉
L and CExt
〈,〉
L , when locally nonempty, are
Gr(Ω[2,3>)-gerbes.
Remark 3.4. The categories Gr(Ω[2,3>)(U), U ⊂ X form a Picard prestack (cf.[D],
section 1.4.11) whose associated stack is the stack of (Ω2 → Ω3,cl)-torsors.
What Bressler shows in [Bre] is that this stack is equivalent to the stack ECAX of
exact Courant algebroids, and that the stacks VExt
〈,〉
L , CExt
〈,〉
L are, in fact, ECAX -
torsors.
Observe that for VExt
〈,〉
L being a Gr(Ω
[2,3>)-gerbe means that for small enough
U ⊂ X and A ∈ VExt
〈,〉
L one has an equivalence
A∔? : Gr(Ω[2,3>)(U)→ VExt
〈,〉
L (U)
In particular, there is an isomorphism
Hom(α, α′) ≃ Hom(A+ α,A+ α′)
Under this isomorphism, an element β ∈ Ω2 with dβ = α′ − α, is mapped to the
morphism (cf. (3.3))
(3.4) exp(β) := id∔β : x 7→ x+ ιpi(x)β
The same is true for Courant algebroids and we will use the notation exp(β) in
both cases.
3.1.3. The class of a gerbe. Let S be a Gr(Ω[2,3>)-gerbe and U a cover as in 3.1.2.
Let us choose an object xi ∈ S(Ui) for each i. For each pair i, j we have objects
xi|Uij and xj |Uij , and therefore, an isomorphism
(3.5) ηij : xi|Uij → xj |Uij ∔ αij
for some αij ∈ Ω
3,cl.
The collection (xi, ηij , αij) is called a trivialization of S.
We will denote by the same letter ηij all of its translates
ηij ∔ idγ : xi|Uij ∔ γ → xj |Uij ∔ (αij + γ)
for γ ∈ Ω3,cl(Ui).
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For each triple i, j, k consider the composition (over Uijk = Ui ∩ Uj ∩ Uk)
ηjkηijη
−1
ik : xk
η−1
ik−−−−→ xi ∔ (−αik)
ηij
−−−−→ xj ∔ (αij − αik)
ηjk
−−−−→ xk ∔ (αij + αjk − αik)
and denote by βijk the element of Ω
2(Uijk) such that
(3.6) ηjkηijη
−1
ik = exp(βijk)
One checks that
(3.7) dCˇβijk = 0, dDR(βijk) = dCˇ(αij), dDR(αij) = 0
so that the pair (αij , βijk) is an element of Zˇ
2(U,Ω2 → Ω3,cl).
By definition, the class of S, cl(S), is the class of (αij , βijk) inH
2(X,Ω2 → Ω3,cl).
One has the following classical result (cf., e.g., [GMS1] for a proof).
Proposition 3.5. S(X) is nonempty if and only if cl(S) = 0. 
3.2. The stack CExt
〈,〉
L . As an example, and for future use, we recall the construc-
tion of a trivialization of the stack CExt
〈,〉
L given in [Bre].
Let us choose a cover U = {Ui} such that TUi is free, choose connections (OX -
linear sections of the anchor map)
∇i : TUi → LUi
and identify LUi ≃ TUi ⊕ gUi via ∇i.
Define ci = c(∇i) ∈ Ω
2,cl
Ui
⊗O gUi to be the curvature of the connection ∇i, i.e.
ci(ξ, η) = [∇i(ξ),∇i(η)]−∇i([ξ, η])
Recall the following
Theorem 3.6. [Bre] Let U ⊂ X and ∇ : TU → LU is any connection.
Then the category CExt
〈,〉
L (U) is nonempty if and only if the form
1
2
〈c(∇)∧c(∇)〉
is exact.
Assume that
1
2
〈c(∇i) ∧ c(∇i)〉 = dHi
for some Hi ∈ Ω
3. Then one can construct a Courant extension Q∇i,Hi , which is
equal to LUi ⊕ Ω
1
Ui
as a sheaf of OU -modules, and satisfies
[ξ, η] = [ξ, η]L + ιξιηHi, ξ, η ∈ TUi ,(3.8)
< g,Ω1U >=< g, ∇i(TU ) >= 0,(3.9)
[ξ, g] = [∇i(ξ), g]L − 〈ιξc(∇i), g〉.(3.10)
For each i, j define
Aij = ∇i −∇j ∈ Ω
1
Uij ⊗ gUij
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Theorem 3.7. [Bre] There exists an isomorphism in CExt
〈,〉
L (Uij)
(3.11) θij : Q∇i,Hi
∼
−→ Q∇j ,Hj ∔ αij
given by
ξ 7→ ξ +Aij(ξ) −
1
2
〈Aij(ξ), Aij〉
g 7→ g − 〈g,Aij〉
ω 7→ ω
(3.12)
where
(3.13) αij = 〈c(∇i) ∧ Aij〉 −
1
2
〈[∇i, Aij ], Aij〉+
1
6
〈[Aij , Aij ], Aij〉+Hi −Hj
The collection (Q∇i,Hi , θij , αij) is a trivialization of the gerbe CExt
〈,〉
L .
On triple intersections Uijk = Ui ∩ Uj ∩ Uk the isomorphisms θij satisfy ([Bre])
(3.14) θjkθijθ
−1
ik = exp(− < Aij ∧ Ajk >) 
Define βijk = − < Aij ∧Ajk >.
Then (αij , βijk) is a cocycle in Zˇ
2(U,Ω2X → Ω
3,cl
X ). The corresponding cohomol-
ogy class was identified in [Bre] with minus one half of the first Pontryagin class
p1(L, 〈, 〉) of (L, 〈, 〉 .
Theorem 3.8. [Bre] This class is the class of the stack CExt
〈,〉
L :
cl(CExt
〈,〉
L ) = −
1
2
p1(L, 〈, 〉).
3.3. Linear algebra. In this section we describe the main tool in the proof of the
classification result: we define linear algebra-like operations on various algebroids.
The main technical result to be proved in this section is as follows.
Theorem 3.9. Let U be suitable for chiralization.
Then there exist a functor
⊞ : CExt
〈,〉
L (U)× CDO(U) −→ VExt
〈,〉
L (U)
(Q,D) 7→ Q⊞D
and a functor
⊟ : VExt
〈,〉
L (U)× CDO(U) −→ CExt
〈,〉
L (U)
(A,D) 7→ A⊟D
such that for a fixed D ∈ CDO(U) the functors
−⊟D : VExt
〈,〉
L (U)→ CExt
〈,〉
L (U)
and
−⊞D : CExt
〈,〉
L (U)→ VExt
〈,〉
L (U)
are mutually inverse equivalences of Gr(Ω[2,3>(U))-torsors.
In fact, the functor ⊟ was defined in [Bre], together with several versions of ⊞
defined for various algebroids. Our ⊞ is just an extension of Bressler’s definition.
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3.3.1. Addition. Let Q be a Courant extension of L and D a cdo.
We describe how to define a vertex extension of L which can be though of as a
“sum” of these two structures; the construction parallels that of the Baer sum of
two extensions.
First, consider the pullback A := Q×T D so that a section of A is a pair (q, x),
q ∈ Q, x ∈ D with π(q) = π(x).
Define operations (−1) : OX ×A → A and (0), (1) : A×A → A as follows:
a(−1)(q, x) := (aq, a(−1)x)(3.15)
(q, x)(0)(q
′, x′) := ( [q, q′]Q, x(0)x
′),(3.16)
(q, x)(1)(q
′, x′) := 〈q, q′〉+ x(1)x
′,(3.17)
π((q, x)) := π(q) = π(x),(3.18)
∂a = (∂a, 0)(3.19)
Note that A contains two copies of Ω1, one from Q and the other from D.
Let us define Q ⊞ D to be the pushout of A with respect to the addition map
+ : Ω1 × Ω1 → Ω1 so that one has the following
0 −−−−→ Ω1 ⊕ Ω1 −−−−→ A −−−−→ L −−−−→ 0y+ y ∥∥∥
0 −−−−→ Ω1 −−−−→ Q⊞D −−−−→ L −−−−→ 0
Alternatively, Q⊞D fits into the diagram
0 −−−−→ g˜⊕ Ω1 −−−−→ A
pi
−−−−→ TX −−−−→ 0y+ y ∥∥∥
0 −−−−→ g˜ −−−−→ Q⊞D −−−−→ TX −−−−→ 0
where the rows are exact and the left square is a push-out square.
Theorem 3.10. The operations (3.15 - 3.19) make sense on Q⊞D and give it the
structure of a vertex algebroid
Proof. The verification is straightforward. As an example, let us show that
(2.10) is satisfied.
For f ∈ OX , q ∈ Q, v ∈ D, one has:
(f (−1)(q, v))(1)(q
′, v′) = (fq, f (−1)v)(1)(q
′, v′) = 〈fq, q′〉+ (f (−1)v)(1)v
′
= f〈q, q′〉+ f(v(1)v
′)− π(v)π(v′)(f) = f((q, v)(1)(q
′, v′))− π((q, v))π((q′, v′))(f)

Note that the assignment (Q,D) 7→ Q⊞D is naturally a functor
⊞ : CExt
〈,〉
L (U)× CDO(U) −→ VExt
〈,〉
L (U)
Indeed, let f ∈ HomCExt(Q,Q
′), f ∈ HomCDO(D,D
′). In particular, f and g are
maps over T , so (f, g) takes Q ×T D ⊂ Q× D to Q
′ ×T D
′. Since f and g act as
identity on the subsheaf Ω1, (f, g) gives a well-defined map between the pushouts
Q⊞D → Q′ ⊞ D′ that will be denoted f ⊞ g. Finally, it remains to note that the
composition is “coordinate-wise”:
(3.20) (f ⊞ g)(f ′ ⊞ g′) = ff ′ ⊞ gg′
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which implies that (f, g) 7→ f ⊞ g is a functor.
Let us note, among the elementary properties of this functor, the following:
(1) for any α ∈ Ω3,clU , Q ∈ CExt
〈,〉
L (U), D ∈ CDOU one has the equalities
(3.21) (Q⊞D)∔ α ∼= Q⊞ (D ∔ α) ∼= (Q∔ α)⊞D
(by definition of ∔α the three parts of the equation have underlying sheaf
Q⊞D, one only has to check that the operations coincide).
(2) one has the equality
exp(β)⊞ idD = exp(β) = idQ⊞ exp(β)
in HomVExt(Q⊞D, (Q⊞D)∔ dβ); more generally,
(3.22) exp(β′)⊞ exp(β′′) = exp(β′ + β′′)
3.3.2. Subtraction. Let A is a vertex extension of L and D a cdo. In [Bre] it is
described how to define a Courant algebroid A⊟D. Let us recall this construction.
Let Q := A ×T D so that a section of Q is a pair (v, x), v ∈ A, x ∈ D with
π(v) = π(x).
Define operations · : OX × Q → Q, [, ] : Q × Q → Q, 〈, 〉 : Q × Q → OX ,
π : Q → T , and ∂ : OX → Q as follows:
a · (v, x) := (a(−1)v, a(−1)x)(3.23)
[(v, x), (v′, x′)] := (v(0)v
′, x(0)x
′)(3.24)
〈(v, x), (v′, x′)〉 := v(1)v
′ − x(1)x
′(3.25)
π((v, x)) := π(v) = π(x)(3.26)
∂a = (∂a, 0)(3.27)
Define A ⊟ D to be the pushout of Q with respect to the subtraction map
− : Ω1 × Ω1 → Ω1.
One can show that all operations defined above make sense on A⊟D. One has
Theorem 3.11. ([Bre], Lemma 5.6) The sheaf A ⊟D with the operations defined
above is a Courant algebroid
3.3.3. Compatibility of ⊞ and ⊟.
Theorem 3.12. The functors
−⊟D : CExt
〈,〉
L (U)→ VExt
〈,〉
L (U)
and
−⊞D : CExt
〈,〉
L (U)→ VExt
〈,〉
L (U)
are mutually inverse equivalences of Gr(Ω[2,3>(U))-torsors.
Proof. The compatibility of ⊞D and ⊟D with Gr(Ω[2,3>(U))-action follows from
properties (3.21 - 3.22) and their obvious analogs for ⊟. Let us construct the natural
isomorphisms ηA : A ≃ (A ⊟ D)⊞ D where A is a vertex extension of L and D is
a cdo.
Define
ηA(v) = ((v, x), x)
where x ∈ D is arbitrary.
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To show ηA is well-defined note that for any x, y ∈ D with π(x) = π(y) = π(v)
we have x− y ∈ Ω1 and
((v, x), x) = ((v, (y−x)+y), x) = ((v, y)+(y−x), x) = ((v, y), x+(y−x)) = ((v, y), y)
To verify ηA is a morphism we check
a(−1)((v, x), x) = (a(v, x), a(−1)x) = ((a(−1)v, a(−1)x), a(−1)x) = ηA(a(−1)v)
((v, x), x)(0)((v
′, x′), x′) = ([(v, x), (v′, x′)], x(0)x
′) = ((v(0)v
′, x(0)x
′), x(0)x
′) = ηA(v(0)v
′)
((v, x), x)(1)((v
′, x′), x′) = 〈(v, x), (v′, x′)〉+x(1)x
′ = v(1)v
′−x(1)x
′+x(1)x
′ = v(1)v
′
To check that ηA is an isomorphism, one can check that the map Ψ : (A⊟D)⊞D −→
A, ((v, x), y) 7→ v+(y− x). is a well-defined inverse to Ψ. (Note that every section
((v, x), y) of (A⊟D)⊞D can be written as ((v, x), y) = ((v+(y−x), x+(y−x)), y) =
((v + (y − x), y), y) with v + (y − x) independent of the choice of representative
((v, x), y)).
The construction of the natural isomorphisms η′Q : Q → Q⊞D⊟D is analogous
and left to the reader. 
The constructions of sections 3.3.1, 3.3.2 and Theorem 3.12 furnish the proof of
Theorem 3.9.
3.4. Classification.
3.4.1. Local existence. Let U be suitable for chiralization and suppose∇ : TU → LU
is a connection.
Theorem 3.13. Then the following are equivalent:
(1) The category VExt
〈,〉
L (U) is nonempty
(2) The category CExt
〈,〉
L (U) is nonempty
(3) The Pontryagin form
1
2
〈c(∇) ∧ c(∇)〉 is exact.
Proof. Since U is suitable for chiralization, there exists a CDO D on X . Then
(1) and (2) are equivalent due to the addition / subtraction operations: given a
vertex extension A there exists a Courant extension Q = A ⊟ D and vice versa,
given Q one can produce a vertex extension A = Q ⊞ D. Finally, the equivalence
of (2) and (3) is the content of Theorem 3.6. 
3.4.2. The obstruction.
Theorem 3.14. Suppose VExt
〈,〉
L is nonempty. Then its class is equal to
cl(VExt
〈,〉
L ) = −
1
2
p1(L, 〈, 〉) + ch2(Ω
1
X)
where p1(L, 〈, 〉) is the first Pontryagin class of a Lie algebroid L with pairing
〈, 〉.
Proof. What we will be proving is the following:
cl(VExt
〈,〉
L ) = cl(CExt
〈,〉
L ) + cl(CDO(X))
This is indeed sufficient, in view of Theorem 3.8 and the fact that cl(CDO(X)) =
ch2(Ω
1
X) [GMS1, Bre]
Let U be a cover of X by open subsets U suitable for chiralization.
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Since VExt
〈,〉
L is nonempty, so is CExt
〈,〉
L . Suppose we are given a trivialization
of the gerbe CDO and that of CExt
〈,〉
L .
In other words, we are given a CDO Di and a Courant extension Qi on each Ui,
as well as isomorphisms
ηij : Di|Uij −→ Dj |Uij ∔ α
ch
ij
and
θij : Qi|Uij −→ Qj |Uij ∔ α
Q
ij
where αQij , α
ch
ij ∈ Ω
3,cl(Uij), such that on triple intersections Uijk = Ui ∩ Uj ∩ Uk
one has
αchij + α
ch
jk = α
ch
ik , α
Q
ij + α
Q
jk = α
Q
ik,
and
(3.28) ηjkηijη
−1
ik = exp(β
ch
ijk), θjkθijθ
−1
ik = exp(β
Q
ijk),
for some βchijk, β
Q
ijk ∈ Ω
2(Uijk)
Then (αchij , β
ch
ijk) and (α
Q
ij , β
Q
ijk) are cocycles representing the classes of the gerbes
CDOX and CExt
〈,〉
L respectively.
Now let us construct a trivialization of the gerbe VExt
〈,〉
L . Define
Ai = Qi ⊞Di ∈ VExt
〈,〉
L (Ui).
One has the following isomorphisms:
Qi|Uij ⊞Di|Uij
θij⊞ηij
−−−−−→ (Qj ∔ α
Q
ij)|Uij ⊞ (Dj ∔ α
ch
ij )|Uij Qj |Uij ⊞Dj |Uij ∔ (α
Q
ij + α
ch
ij ))
the latter being the identity on the level of vector spaces, by definition of ?∔α (cf.
sect. 3.1.1).
Thus
θij ⊞ ηij : Ai
∼
−→ Aj ∔ (α
Q
ij + α
ch
ij ).
The collection (Ai, (α
Q
ij + α
ch
ij ), θij ⊞ ηij) is a trivialization of the gerbe VExt
〈,〉
L .
Let us compute its class.
On triple intersections Uijk = Ui ∩ Uj ∩ Uk we have (cf. (3.28), (3.20), (3.22) )
(θjk ⊞ ηjk)(θij ⊞ ηij)(θik ⊞ ηik)
−1 = θjkθijθ
−1
ik ⊞ ηjkηijη
−1
ik
= exp(βQijk)⊞ exp(β
ch
ijk)
= exp(βQijk + β
ch
ijk)
(3.29)
(here, again, we slightly abuse the notation by writing θij for any of its translates
under the action of Gr(Ω[2,3>)).
It follows that (αQij + α
ch
ij , β
Q
ijk + β
ch
ijk) is a cocycle representing the class of the
gerbe VExt
〈,〉
L . 
4. Deformation of twisted CDO
4.1. Twisted chiral differential operators. In this section we recall the defini-
tion of the sheaf Dch,twX of twisted chiral differential operators (TCDO) correspond-
ing to a given CDO Dch on a smooth projective variety X .
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4.1.1. The universal Lie algebroid T tw. The Lie algebroid underlying TCDO is a
“family of all TDO”. More precisely, the universal enveloping algebra DtwX of T
tw
possesses the following property: for every λ ∈ H1(X,Ω1X → Ω
2,cl
X ) there exists
an ideal mλ ⊂ D
tw
X such that the quotient D
tw
X /mλ is isomorphic to the tdo D
λ
X
corresponding to the class λ.
Let us sketch the construction.
Since X is projective, H1(X,Ω1X → Ω
2,cl
X ) is finite-dimensional, and there exists
an affine cover U so that Hˇ1(U,Ω1X → Ω
2,cl
X ) = H
1(X,Ω1X → Ω
2,cl
X ).
Let Λ = Hˇ1(U,Ω1X → Ω
2,cl
X ). We fix a lifting Hˇ
1(U,Ω1X → Ω
2,cl
X ) −→ Zˇ
1(U,Ω1X → Ω
2,cl
X )
and identify the former with the subspace of the latter defined by this lifting. Thus,
each λ ∈ Λ is a pair of cochains λ = ((λ
(1)
ij ), (λ
(2)
i )) with λ
(1)
ij ∈ Ω
1(Ui ∩ Uj),
λ
(2)
i ∈ Ω
2,cl(Ui), satisfying dDRλ
(1)
ij = dCˇλ
(2)
i and dCˇλ
1
ij = 0.
For λ = (λ
(1)
ij , λ
(2)
i ) ∈ Λ denote D
λ the corresponding sheaf of twisted differen-
tial operators. One can consider Dλ as an enveloping algebra of the (Picard) Lie
algebroid T λ = Dλ1 [BB2]. As an OX -module, T
λ is an extension
0 −→ OX1 −→ T
λ −→ TX −→ 0
given by (λ
(1)
ij ). The Lie algebra structure on T
λ
Ui
is given by [ξ, η]T λ = [ξ, η] +
iξiηλ
2
i1. and [1, T
λ
Ui
] = 0.
Let {λ∗i } and {λi} be dual bases of Λ
∗ and Λ respectively. Denote by k the
dimension of Λ.
Define T tw to be an abelian extension
0→ OX ⊗Λ
∗ → T twX → TX → 0
such that [Λ∗, T tw] = 0 and there exist connections ∇i : TUi → T
tw
Ui
satisfying
∇j(ξ)−∇i(ξ) =
∑
r
ιξλ
(1)
r (Uij)λ
∗
r(4.1)
[∇i(ξ),∇i(η)]−∇i([ξ, η]) =
∑
r
ιξιηλ
(2)
r (Ui)λ
∗
r(4.2)
It is clear that the pair (T tw,OX ⊗Λ
∗ →֒ T tw) is independent of the choices
made.
We call the universal enveloping algebra DtwX = UOX (T
tw) the universal sheaf of
twisted differential operators.
4.1.2. A universal twisted CDO. Let ch2(X) = 0 and fix a CDO D
ch
X . To each such
sheaf one can attach a universal twisted CDO, Dch,twX , a sheaf of vertex algebras
whose ”underlying” Lie algebroid is T twX . Let us place ourselves in the situation
of the previous section, where we had a fixed affine cover U = {Ui} of a projective
algebraic manifold X , dual bases {λi} ∈ H
1(X,Ω
[1,2>
X ), {λ
∗
i } ∈ H
1(X,Ω
[1,2>
X )
∗,
and a lifting H1(X,Ω
[1,2>
X )→ Z
1(U,Ω
[1,2>
X ).
We can assume that Ui are suitable for chiralization. Let us fix, for each i, an
abelian basis τ
(i)
1 , τ
(i)
2 , ... of Γ(Ui, TX). Then the CDO D
ch is given by a collection
of 3-forms α(i) ∈ Γ(Ui,Ω
3,cl
X ) (cf. sect. 2.5, Theorem 2.1) and transition maps
gij : D
ch
Uj
|Ui∩Uj → D
ch
Ui
|Ui∩Uj . Let us as well fix splittings TUi →֒ D
ch
Ui
and view gij
as maps gij : (TUj ⊕ Ω
1
Uj
)|Ui∩Uj → (TUi ⊕ Ω
1
Ui
)|Ui∩Uj
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The universal sheaf of twisted chiral differential operators Dch,twX corresponding
to DchX is a vertex envelope of the OX -vertex algebroid A
tw determined by the
following:
• Atw is a vertex extensions of (T twX , 0);
• there are embeddings TUi →֒ AUi such that
τ
(i)
l (0)τ
(i)
m = ιτ (i)
l
ι
τ
(i)
m
α(i) +
∑
ι
τ
(i)
l
ι
τ
(i)
m
λ
(2)
k (Ui)λ
∗
k
• the transition function from Uj to Ui is given by
(4.3) gtwij (ξ) = gij(ξ)−
∑
ιξλ
(1)
k (Ui ∩ Uj)λ
∗
k
See [AChM] for a detailed construction.
4.1.3. Locally trivial twisted CDO. Observe that there is an embedding
(4.4) H1(X,Ω1,clX ) →֒ H
1(X,Ω
[1,2>
X )
The space H1(X,Ω1,clX ) classifies locally trivial twisted differential operators, those
that are locally isomorphic to DX . Thus for each λ ∈ H
1(X,Ω1,clX ), there is a
unique up to isomorphism TDO
◦
D
λ
X such that for each sufficiently small open
U ⊂ X ,
◦
D
λ
X |U is isomorphic to DU . Let us see what this means at the level of the
universal TDO.
In terms of Cech cocycles the image of embedding (4.4) is described by those
(λ(1), λ(2)), see section 4.1.1, where λ(2) = 0, and this forces λ(1) to be closed.
Picking a collection of such cocycles that represent a basis of H1(X,Ω1,clX ) we can
repeat the constructions of sections 4.1.1 and 4.1.2 to obtain sheaves
◦
T
tw
X and
◦
D
ch,tw
X . The latter is glued of pieces isomorphic (as vertex algebras) to D
ch
Ui
⊗HX
with transition functions as in (4.3); here HX is the vertex algebra of differential
polynomials on H1(X,Ω1,clX ). We will call the sheaf
◦
D
ch,tw
X the universal locally
trivial sheaf of twisted chiral differential operators.
4.2. TCDO on flag manifolds. Let us see what our constructions give us if
X = P1. We have P1 = C0 ∪ C∞, a cover U = {C0,C∞}, where C0 is C with
coordinate x, C∞ is C with coordinate y, with the transition function x 7→ 1/y over
C∗ = C0 ∩ C∞.
Defined over C0 and C∞ are the standard CDOs, D
ch
C0
and Dch
C∞
. The spaces of
global sections of these sheaves are polynomials in ∂n(x), ∂n(∂x) (or ∂
n(y), ∂n(∂y)
in the latter case), where ∂ is the translation operator, so that, cf. sect. 2.5,
(∂x)(0)x = (∂y)(0)y = 1.
There is a unique up to isomorphism CDO on P1, Dch
P1
; it is defined by gluing Dch
C0
and Dch
C∞
over C∗ as follows [MSV]:
(4.5) x 7→ 1/y, ∂x 7→ (−∂y)(−1)(y
2)− 2∂(x).
The canonical Lie algebra morphism
(4.6) sl2 → Γ(P
1, TP1),
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where
(4.7) e 7→ ∂x, h 7→ −2x∂x, f 7→ −x
2∂x,
e, h, f being the standard generators of sl2, can be lifted to a vertex algebra mor-
phism
(4.8) V−2(sl2)→ Γ(P
1,Dch
P1
),
where
e(−1)|0〉 7→ ∂x,
h(−1)|0〉 7→ −2(∂x)(−1)x,
f(−1)|0〉 7→ −(∂x)(−1)x
2 − 2∂(x).
(4.9)
The twisted version of all of this is as follows ([AChM]).
Since dimP1 = 1,
H1(P1,Ω1
P1
→ Ω2,cl
P1
) = H1(Ω1,cl
P1
),
so all twisted CDO on P1 are locally trivial. Furthermore, H1(P1,Ω1,cl
P1
) = C and
is spanned by the cocycle C0 ∩ C∞ 7→ dx/x. We have HP1 = C[λ
∗, ∂(λ∗), ....]. Let
Dch,tw
C0
= Dch
C0
⊗HP1 , D
ch,tw
C∞
= Dch
C∞
⊗HP1 and define D
ch,tw
P1
by gluing Dch,tw
C0
onto
Dch,tw
C∞
via
(4.10) λ∗ 7→ λ∗, x 7→ 1/y, ∂x 7→ −(∂y)(−1)y
2 − 2∂(y) + y(−1)λ
∗.
Morphism (4.8) “deforms” to
(4.11) V−2(sl2)→ Γ(P
1,Dch,tw
P1
),
(4.12)
e(−1)|0〉 7→ ∂x, h(−1)|0〉 7→ −2(∂x)(−1)x+λ
∗, f(−1)|0〉 7→ −(∂x)(−1)x
2−2∂(x)+x(−1)λ
∗.
Furthermore, consider T = e(−1)f(−1) + f(−1)e(−1) + 1/2h(−1)h ∈ V−2(sl2). It
is known that T ∈ z(V−2(sl2)), the center of V−2(sl2), and in fact, the center
z(V−2(sl2)) equals the commutative vertex algebra of differential polynomials in T .
The formulas above show
(4.13) T 7→
1
2
λ∗(−1)λ
∗ − ∂(λ∗) ∈ HP1 .
All of the above is easily verified by direct computations, cf. [MSV]. The higher
rank analogue is less explicit but valid nevertheless.
Let G be a simple complex Lie group, B ⊂ G a Borel subgroup, X = G/B,
the flag manifold, g = Lie G the corresponding Lie algebra, h a Cartan subalgebra.
One has a sequence of maps
(4.14) h∗ → H1(X,Ω1,clX )→ H
1(X,Ω1X → Ω
2,cl
X ).
The leftmost map attaches to an integral weight λ ∈ P ⊂ h∗ the Chern class
of the G-equivariant line bundle Lλ = G ×B Cλ, and then extends thus defined
map P → H1(X,Ω1,clX ) to h
∗ by linearity. The rightmost one is engendered by the
standard spectral sequence converging to hypercohomology. It is easy to verify that
both these maps are isomorphisms. Therefore,
(4.15) h∗
∼
→ H1(X,Ω1,clX )
∼
→ H1(X,Ω1X → Ω
2,cl
X ),
and each twisted CDO on X is locally trivial.
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Constructed in [MSV] – or rather in [FF1], see also [F1] and [GMS2] for an
alternative approach – is a vertex algebra morphism
(4.16) V−h∨(g)→ Γ(X,D
ch
X ).
Furthermore, it is an important result of Feigin and Frenkel [FF2], see also an ex-
cellent presentation in [F1], that V−h∨(g) possesses a non-trivial center, z(V−h∨ (g)),
which, as a vertex algebra, isomorphic to the algebra of differential polynomials in
rkg variables.
Lemma 4.1. [AChM] Morphism (4.16) “deforms” to
ρ : V−hˇ(g)→ Γ(X,D
ch,tw
X ).
Moreover, ρ(z(V−h∨ (g))) ⊂ HX .
4.3. A deformation.
4.3.1. Motivation: Wakimoto modules. Let X = G/B− be a flag variety and U =
NB− ⊂ X the big cell of X .
In virtue of Lemma 4.1, the sections Γ(U,Dch,twX ) become a V−h∨(g)-module,
hence a g-module at the critical level. Following [FF1, F2], we call Γ(U,Dch,twX ) a
Wakimoto module of highest weight (0,−h∨), to be denoted W0,−h∨ .
By construction W0,−h∨ = D
ch(U)⊗HX . In fact, Feigin and Frenkel proved
[FF1] that there exists a whole family of g-modules
W0,k−h∨ = D
ch(U)⊗Hk
where Hk is the Heisenberg vertex algebra associated to the space h with bilinear
pairing k〈, 〉0, i.e., k times the canonically normalized Killing form. The g-module
structure is defined by a vertex algebra morphism
Vk−h∨(g)→ D
ch(U)⊗Hk
and thus, W0,k−h∨ is a g-module of level k − h
∨.
When the level is critical, W0,−h∨ = Γ(Ue,D
ch,tw
X ) One might ask whether
sheaves with an analogous property exist for Wakimoto modules at a non-critical
level. To be more precise, we are interested in a sheaf V of vertex algebras such
that:
• its sections on the big cell U and its W -translates are isomorphic to the
tensor product of vertex algebras Dch(Adim g/b)⊗Hk, for nonzero k;
• the associated Lie algebroid of V is the universal tdo T tw.
In other words, V is a vertex extension of the pair (T twG/B, k〈, 〉0)
We show that such sheaves do indeed exist on G/B; moreover, the construction is
rather general and can be carried out for any variety. We call the obtained sheaves
the deformations of TCDO or deformed TCDO; deformations because they depend
on 〈, 〉 as a parameter, with 〈, 〉 = 0 corresponding to a TCDO.
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4.3.2. Definition. The discussion above suggests the following definition.
Let X be a smooth projective variety and T tw the Lie algebroid underlying the
universal TDO (cf. section 4.1.1). Recall that T twX fits into an exact sequence
0→ OX ⊗Λ
∗ → T twX → TX → 0
where Λ = H1(X,Ω1 → Ω2,cl).
Let us fix a symmetric bilinear pairing 〈, 〉 : Λ∗×Λ∗ → C and extend OX -linearly
to OXΛ
∗.
Definition 4.2. We will say that a sheaf V is a 〈, 〉-deformation of TCDO if V is
a vertex extension of the pair (T twX , 〈, 〉).
Without specifying 〈, 〉, a deformation of TCDO is just a vertex extension of the
Lie algebroid T twX .
Being vertex extensions, 〈, 〉-deformations form a stack, to be denoted
T CDO
〈,〉
X := VExt
〈,〉
T tw
4.4. Classification of deformations. We apply the results of sections 3.4.2.
Theorem 3.14 implies that, when T CDO
〈,〉
X is locally nonempty, its class is equal
to
cl(T CDO
〈,〉
X ) = cl(CExt
〈,〉
T tw ) + ch2(Ω
1
X)
We are going to use the description of cl(CExt
〈,〉
T tw ) given in section 3.2.
Let us work in the setup of sections 4.1.1, 4.1.2. Thus, we pick a basis {λr}
of H1(X,Ω1X → Ω
2,cl
X ), a dual basis {λ
∗
r} in H
1(X,Ω1X → Ω
2,cl
X ), and a lifting
H1(X,Ω1X → Ω
2,cl
X ) → Zˇ
1(X,Ω1X → Ω
2,cl
X ), so that each λr is a pair of cochains
(λ
(1)
r , λ
(2)
r ) ∈
∏
Ω1(Uij)×
∏
Ω2,cl(Ui).
By construction, the Lie algebroid T twX admits connections ∇i : TUi → T
tw
Ui
such
that
(4.17) Aij := ∇i −∇j = −λ
∗
kλ
(1)
k (Uij)
(summation over repeated indices is assumed) and
(4.18) c(∇i) = −λ
∗
kλ
(2)
k (Ui)
Theorem 4.3. Let 〈〉 6= 0 be a symmetric bilinear form on OX ⊗Λ
∗. Then:
(1) 〈〉-deformations exist locally on X if and only if the 4-form
(4.19) 〈λ∗r , λ
∗
s〉λ
(2)
r (Ui) ∧ λ
(2)
s (Ui)
is exact;
(2) Assume (1) and pick, for every i, a 3-form Hi such that 2dHi = 〈λ
∗
r , λ
∗
s〉λ
(2)
r (Ui)∧
λ
(2)
s (Ui). Denote
αij =
1
2
〈λ∗r , λ
∗
s〉
(
λ(2)r (Ui) + λ
(2)
r (Uj)
)
∧ λ(1)s (Uij) +Hi −Hj
and
βijk = 〈λ
∗
r , λ
∗
s〉λ
(1)
r (Uij) ∧ λ
(1)
s (Ujk)
Then a global 〈, 〉-deformation exists if and only if the class of the cocycle (αij , βijk)
in H2(X,Ω2X → Ω
3,cl
X ) is equal to −ch2(ΩX) (minus second graded piece of Chern
character of Ω1X).
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Proof. (1) Follows from Theorem 3.13, since the 4-form (4.19) is just the Pon-
tryagin form 12 〈c(∇i) ∧ c(∇i)〉 for the Lie algebroid T
tw
X .
(2) Using the connections ∇i (and formulas (4.17), (4.18)) in the construction
of the section 3.2 one verifies that the cocycle (αij , βijk) represents the class of
CExt
〈,〉
T tw . The statement follows immediately from Theorem 3.14 and the fact that
cl(CDO) = ch2(Ω
1
X) [Bre]. 
Remark 4.4. In the presence of CDO, the classification problem for deformed TCDO
becomes one for Courant extensions of (T twX , 〈, 〉), as any CDO D
ch defines an
equivalence of stacks over X
?⊞Dch : CExt
〈,〉
T tw → T CDO
〈,〉.
4.5. Deformations of locally trivial TCDO. Recall from section 4.1.3 that
locally trivial TCDO are constructed in the same way as TCDO by consistently
replacing H1(X,Ω1 → Ω2,cl) with H1(X,Ω1,cl). In particular we construct a Lie
algebroid
◦
T
tw
.
We define the corresponding versions of deformations as follows. A locally trivial
deformed TCDO is a vertex extension of
◦
T
tw
. A locally trivial 〈, 〉-deformation of
TCDO is a vertex extension of (
◦
T
tw
, 〈, 〉).
The locally trivial 〈, 〉-deformations form a stack T CDO〈,〉,lt.
Theorem 4.3 has the following analogue in the locally trivial case:
Theorem 4.5. Let 〈〉 6= 0 be a symmetric T -invariant bilinear form on OX ⊗Λ
∗.
Then:
(1) 〈〉-deformations exist locally on X.
(2) every 〈, 〉-deformation Atw,lt〈,〉 is locally isomorphic to D
ch
U ⊗H〈,〉 where D
ch
U is
a CDO and H〈,〉 is a Heisenberg vertex algebra associated to the space H
1(X,Ω1,cl)∗
with the bilinear form 〈, 〉.
(3) Denote
βijk = 〈λ
∗
r , λ
∗
s〉λ
1
r(Uij) ∧ λ
1
s(Ujk)
and let [(0, (βijk))] stand for the class of (0, (βijk)) in H
2(Ω2 → Ω3,cl).
Then the class of T CDO〈,〉,lt in H2(Ω2 → Ω3,cl) is given by
cl(T CDO〈,〉,lt) = ch2(Ω
1
X) + [(0, (βijk))]
Proof. (1) By construction, the Lie algebroid
◦
T
tw
admits flat connections ∇i :
TUi →
◦
T
tw
X |Ui , which implies 〈c(∇i) ∧ c(∇i)〉 = 0. The local existence now follows
from Theorem 3.13.
(2) Suppose ∇ is a flat connection on an open set U ⊂ X , and let Q = Q∇,H be
a Courant extension of
◦
T
tw
over U (cf. 3.2).
Then Q ≃ TU ⊕ (OU ⊗H
1(X,Ω1,cl))⊕ Ω1U and since c(∇) = 0 one immediately
observes from (3.9) and (3.10) that the constant subsheaf H1(X,Ω1,cl)∗ “decou-
ples”. It is clear from the construction, that it stays decoupled in Q ⊞ D, for any
cdo D on U . It has a structure of a Courant (equivalently, vertex) algebroid over
Spec(C) whose vertex envelope is the algebra H〈,〉.
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(3) The proof is identical to that of Theorem 4.3, Part (2). 
4.6. Deformed TCDO on P1. This is a continuation of Example 4.2.
Recall that we are using standard coordinate charts U0 and U1 so that P
1 =
U0 ∪U1 with 0 ∈ U0, ∞ ∈ U1 and coordinate functions x : U0 → C and y : U1 → C
with x = 1y . Denote
λ =
dy
y
= −
dx
x
a cocycle representative of a generator of 1-dimensional H1(P1,Ω1,cl).
By definition,
T twUi = TUi ⊕OUiλ
∗, i = 0, 1,(4.20)
with Lie bracket defined by [ξ, η]L = [ξ, η], [ξ, aλ
∗] = ξ(a)λ∗.
Let ∇i : TUi → T
tw
Ui
, i = 0, 1 be the canonical inclusions. The formula (4.17) in
this case reads as
(4.21) ∇1 −∇0 =
dy
y
λ∗,
which dictates the following gluing map g01 : T
tw
1 |C∗ → T
tw
0 |C∗
ξ 7→ ξ + iξλ · λ
∗(4.22)
λ∗ 7→ λ∗
In the chosen coordinates, it is ∂y = −x
2∂x + xλ
∗.
4.6.1. The deformed TCDO. We wish to construct a vertex extension of (T tw
P1
, 〈)〉,
where 〈, 〉 is a symmetric T tw-invariantO-bilinear pairing on g(T tw) = OX ⊗H
1(X,Ω1 →
Ω2)∗ = O ·λ∗. In this case it is determined by a number k ∈ C assigned to 〈λ∗|λ∗〉.
Let us fix k and assume k 6= 0 (k = 0 corresponds to the usual TCDO).
Since dimP1 = 1, Ωi = 0 for i > 1, in particular Hi(P1,Ω2 → Ω3,cl) = 0 for all
i. Therefore there exists a unique vertex extension for any pair (L, 〈, 〉). Let Atw〈,〉
denote the vertex extension of (T tw
P1
, 〈, 〉).
Denote by H
〈,〉
P1
the Heisenberg vertex algebra generated by a filed λ∗ satisfying
λ∗(1)λ
∗ = 〈λ∗, λ∗〉, λ∗(n)λ
∗ = 0, n 6= 1. Theorem 4.5 describes Atw〈,〉 locally: one
has isomorphisms of vertex algebras (Atw〈,〉)Ui ≃ D
ch
Ui
⊗H
〈,〉
P1
, i = 0, 1. Some global
information is provided by the following
Theorem 4.6. (1) There are isomorphisms φi : A
tw
〈,〉|Ui → D
ch
Ui
⊗H
〈,〉
P1
, i = 0, 1,
such that
φ0φ
−1
1 (∂y) = −x
2∂x − 2dx+ xλ
∗ +
1
2
〈λ∗, λ∗〉dx(4.23)
φ0φ
−1
1 (λ
∗) = λ∗ − 〈λ∗, λ∗〉x−1dx(4.24)
(2) The anchor map of Atw〈,〉 induces a vector space isomorphism
H0(P1,Atw〈,〉) ≃ H
0(P1, TP1).
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Proof. (1) The construction of section 3.3.1 and the results of section 3.2 imply
that the most general gluing formula is as follows:
ξ 7→ gij(ξ) +A(ξ) −
1
2
〈A(ξ), A〉 + ιξβ(4.25)
g 7→ g − 〈g,A〉(4.26)
where gij is a transition function for a CDO, β ∈ Ω
2
Ui∩Uj
, A = ∇j −∇i, for some
connectoions ∇i : TUi → LUi .
Applying to our case and using (4.5) and (4.21), we see that
∂y 7→ −x
2∂x − 2dx+ xλ
∗ +
1
2
〈λ∗, λ∗〉dx(4.27)
and the map g˜|U1 → g˜|U0 is given by
(4.28) λ∗ 7→ λ∗ − 〈λ∗,
dy
y
λ∗〉 = λ∗ + k
dx
x
(2) The gluing formula (4.28) implies that the map H0(P1, g) → H1(P1,Ω1
P1
)
in the long exact sequence associated to 0 −→ Ω1
P1
−→ g˜ −→ g −→ 0 is an
isomorphism.
Since Hj(P1,Ω1) = Hk(P1, g) = 0 for j 6= 1, k 6= 0, one can conclude that
Hi(P1, g˜) = 0 for all i.
In turn, the long cohomology sequence associated to the sequence
0 −→ g˜ −→ Atw〈,〉 −→ TP1 −→ 0
shows that Hi(P1,Atw〈,〉) ≃ H
i(P1, T ). 
4.7. Embedding of affine sl2. For κ ∈ C let Aκ(sl2) denote the vertex alge-
broid over C equal to sl2 as a space, with bracket g(0)g
′ = [g, g′] and pairing
g(1)g
′ = κ〈g|g′〉 where 〈·|·〉 is the canonically normalized invariant form (for sl2, it
is 14 〈·|·〉Killing ).
Let
e = ∂x
h = −2∂x(−1)x+ λ
∗
f = −∂x(−1)x
2 − 2dx+ xλ∗ +
1
2
〈λ∗|λ∗〉dx
(4.29)
Lemma 4.7. The elements e, f , h given by the formulas (4.29)
(1) satisfy the relations of ŝl2(κ) where κ =
〈λ∗|λ∗〉
2 − 2;
(2) belong to H0(P1,Atw〈,〉)
Proof. Restricted to the big cell, the statement of Part (1) goes back to Wakimoto
[W]; see also [F1].
The rest follows from the following equalities over U0 ∩ U1:
∂x = −∂y(−1)y
2 − 2dy + yλ∗ +
1
2
〈λ∗|λ∗〉dy
−2∂x(−1)x+ λ
∗ = 2∂y(−1)y − λ
∗
−∂x(−1)x
2 − 2dx+ xλ∗ +
1
2
〈λ∗|λ∗〉dx = ∂y
(4.30)
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
Corollary 4.8. The formulas (4.29) define an isomorphism of vertex algebroids
over k
(4.31) Aκ(sl2) ≃ H
0(P1,Atw〈,〉)
that extends to the vertex algebra embedding
(4.32) Vκ(sl2) −→ H
0(P1, U(Dch,tw〈,〉 ))
Proof. The map defined by (4.29) is clearly injective and the first statement
follows by dimension count. The restriction of the second map to the big cell was
shown in [F1] to be injective. 
4.8. The case of a general flag variety. Recall that we have an identification
(4.33) α¯ : h∗ ≃ H1(X,Ω1,cl) ≃ H2(X,C)
In other words, the tdo on G/B are classified by h∗. The Lie algebroid T twG/B is
an extension
0 −−−−→ OG/B ⊗C h −−−−→ T
tw
G/B −−−−→ TG/B −−−−→ 0
A deformation of TCDO is therefore a vertex extension of (T twG/B, 〈, 〉) where 〈, 〉
is a symmetric bilinear pairing 〈, 〉 : h× h→ C
We have the following
Theorem 4.9. Let X = G/B. Then the class of T CDO〈〉 is equal to 0 if and only
if 〈, 〉 is proportional to the restriction of the Killing form on h.
Proof. First, we find a convenient cocycle representation of the obstruction.
Let {χr} be the set of fundamental weights, Lr the corresponding line bundles
over X , Dχr algebras of tdo acting on Lr and Tχr the corresponding Lie algebroids.
Define the cocycles µr = (µ
ij
r ) ∈ Zˇ
1(X,Ω1,clX ) corresponding to Tχr . Then the map
(4.33) is the one taking χr to the class of (µ
ij
r ) in H
1(X,Ω1,clX ).
Take λ∗r to be the basis of h dual to the basis {χr}.
Using Theorem 4.5 and the existence of CDO on X ([GMS2]), we conclude that
the class of T CDO〈〉 is represented by a cocycle 〈λ∗r |λ
∗
s〉µ
ij
r ∧µ
jk
s . Its image under
the natural embedding H2(X,Ω2 → Ω3,cl)→ H4(X,C) (cf. [GMS2]) equals to that
of the element
S = 〈λ∗r |λ
∗
s〉χr · χs ∈ S
2h∗.
which naturally corresponds to the form 〈, 〉 : h× h→ C.
By [BGG], S becomes zero inH4(X,C) if and only if S isW -invariant. Therefore,
the form 〈, 〉 has to be a multiple of the Killing form. 
4.8.1. Embedding of the affine vertex algebra Vk(g). Let X be a G-variety.
Let Ak(g)X denote the constant sheaf with sections equal to g, equipped with
the structure of a CX -vertex algebroid as follows:
x(0)y = [x, y]
x(1)y = k〈x|y〉
π = 0, ∂ = 0
(4.34)
Let A be a (locally trivial) 〈, 〉-deformation of TCDO.
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Let us assume that there is a Lie algebra morphism
(4.35) α : g→ T twX
lifting the morphism α¯ : g → TX induced by the action of G. (This is the case for
X = G/B).
Consider the sheaf of homomorphisms of vertex algebroids
(4.36) Homα(Ak(g)X ,A)
that lift the morphism α.
We are mainly interested in the global sections of this sheaf, as they correspond
to embeddings of the vertex algebra Vk(g) into the envelope of A.
Proposition 4.10. Suppose the image of g in TX generates TX as an OX-module.
Then the sheaf (4.36), if locally nonempty, is an Ω2,cl-torsor.
Proof. Let us work locally on a subset U ⊂ X small enough to admit an identi-
fication A|U ≃ T
tw
X |U ⊕ Ω
1
U .
Let w,w′ ∈ Homα(Ak(g)X ,A)(U).
Then w′(g) = w(g) + ω(g) for some ω : g → Ω1, since the T tw-component is
fixed.
Analysis similar to that in [MSV, GMS1] shows that ω must be given by
ω(g) = ια(g)β
where β ∈ Ω2,clX .
Conversely, adding ια(−)β to any w ∈ Homα(Ak(g)X ,A)(U) gives an element of
Homα(Ak(g)X ,A)(U). The statement follows. 
Remark 4.11. When dimX = 1 the torsor (4.36) is trivial, therefore the existence
of local embeddings implies the existence of a global one. For a general flag variety
we do not know whether the torsor (4.36) is trivial, but we believe it is.
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